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SCALING COUPLING OF REFLECTING BROWNIAN MOTIONS
AND THE HOT SPOTS PROBLEM

MIHAI N. PASCU

ABSTRACT. We introduce a new type of coupling of reflecting Brownian mo-
tions in smooth planar domains, called scaling coupling. We apply this to
obtain monotonicity properties of antisymmetric second Neumann eigenfunc-
tions of convex planar domains with one line of symmetry. In particular, this
gives the proof of the hot spots conjecture for some known types of domains
and some new ones.

1. INTRODUCTION

The technique of coupling of diffusions is a useful tool for various estimates in
probability and analysis. In particular, coupling of reflecting Brownian motions can
be used for obtaining various estimates related to eigenfunctions and eigenvalues of
the Laplacian in smooth bounded domains.

There are two main known types of coupling of reflecting planar Brown-
ian motions in the literature: synchronous and mirror couplings (see [BK] for a
discussion of these couplings). We introduce a new type of coupling of reflecting
planar Brownian motions in smooth C*® domains, called scaling coupling. We first
give the construction in the case of the unit disk; we show that given a reflecting
Brownian motion Z; in the unit disk U, starting at z9 € U — {0}, the formula

1

sup | Z|
s<t

Zs

defines a time change of a reflecting Brownian motion Z; in U, starting at zp =

ﬁzo € 0U. We define (Z, Z ) as a coupling of reflecting Brownian motions starting
1

at zg and zg = T2] 05 respectively. By means of automorphisms of the unit disk,
the construction is then extended to any pair of starting points zg,29 € U, not
both on the boundary of U. The coupling is uniquely defined by the choice of an
additional point lying on the hyperbolic line in U determined by zo and Zzy, not
separating them, which can be viewed as the parameter of the coupling.

Finally, the construction is extended to C*® domains (0 < o < 1) by means of
conformal maps. The restriction to the class of C**® domains is necessary in order
to insure the conformality at the boundary of U of a mapping from the unit disk
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onto a C'%® domain, hence to insure that the image of a reflecting Brownian motion
in U under a conformal map is a reflecting Brownian motion in the image domain.

Scaling coupling of reflecting Brownian motions in C'* domains is a coupling in
the following generalized sense: there exist a.s. finite stopping times 7 and 7 (with

respect to the filtration (F7), respectively (F7)) such that

ZtJr‘r = Zt-i—?
for all £ > 0. The usual coupling of diffusions can be viewed as a particular case of
the above, namely the case when 7 = 7 a.s. and FZ = FZ for all t > 0.

We show that in the case of convex domains, we can choose the coupling so that
we have 7 < 7 a.s., which shows that for ¢t > 7, Z; “follows” the path of Z;,,_5.
Moreover, we show that the inequality 7 < 7 is characteristic to the class of convex
domains.

The above property of scaling coupling is used to prove strict monotonicity prop-
erties of antisymmetric second Neumann eigenfunctions of the Laplacian of a convex
C1® domain D (0 < a < 1) having a line of symmetry, along the family of hyper-
bolic lines in D which intersect this line of symmetry.

The proof uses the expansion of the function

u(t,z) = P(1° > t)

in terms of the mixed Dirichlet-Neumann eigenfunctions for the Laplacian on DT =
Dn{(x,y) : y > 0}, with Dirichlet conditions on the part of D% lying on the
horizontal axis and Neumann conditions on the remaining part of the boundary
of D* (7% denotes the lifetime of reflecting Brownian motion in DT starting at
x € D+, killed on hitting the horizontal axis).

Using the properties of the scaling coupling, we show a monotonicity property of
7% (Proposition[3.3)) along a certain family of curves (hyperbolic lines in D, defined
as conformal images of diameters in the unit disk), which gives the monotonicity
of u(t,z) = P(7" > t) as a function of z on the indicated family of curves in DT.

Using the fact that an antisymmetric second Neumann eigenfunction ¢ for D is a
first mixed Dirichlet-Neumann eigenfunction for D+ (the nodal domain of ¢, since
the eigenfunction is assumed to be antisymmetric with respect to the horizontal
axis), and using the eigenfunction expansion of u(t, z), the monotonicity of u(t, x)
translates into the monotonicity of the second Neumann eigenfunction ¢ for D,
along the same family of curves. In particular, this shows that an antisymmetric
second Neumann eigenfunction of a convex C1'* domain attains its maximum only
at the boundary of the domain.

The main result of our paper is the following:

Theorem 1.1. Let D be a convex CY* domain (0 < o < 1) which is symmetric
with respect to the horizontal axis. If ¢ is a second Neumann eigenfunction for
D which is antisymmetric with respect to the horizontal axis, then ¢ is strictly
monotone on the family of hyperbolic lines in D which intersect nontrivially the
horizontal axis.

In particular, ¢ must attain its mazimum and minimum over D solely at the
boundary of D.

In our particular setting, this is exactly the object of the hot spots conjecture
(due to Jeffrey Rauch, 1974), which states that a second Neumann eigenfunction
of a bounded simply connected domain (later modified to bounded convex domain)
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satisfies a strong maximum/minimum principle, that is, it attains its maximum and
minimum over the domain only at the boundary of the domain.

The structure of the paper is the following: in Section [Z1] we review some basic
facts from complex analysis needed in the paper, and we introduce our notation.

Next we construct the scaling coupling of reflecting Brownian motions, first
for the case of the unit disk (Section 2:2), and then we generalize it to smooth
bounded convex domains. We believe this construction is of independent interest.
The construction and the properties of the scaling coupling are detailed in Section
2.3.

In Section Bl we give some basic results about eigenfunctions and eigenvalues
needed in our paper, and we give the formal statement of the hot spots conjecture.

In Section B:2] we introduce the notion of hyperbolic lines in smooth domains,
and we apply the properties of scaling coupling to obtain the strict monotonicity
properties of antisymmetric second Neumann eigenfunctions for smooth convex
domains with one axis of symmetry along this family of curves.

In Section B3l we identify classes of domains for which our main theorem in Sec-
tion applies, and we compare our results with recent advances in the proof of
the hot spots conjecture. We show that our main result applies to convex domains
with two axes of symmetry, obtaining the known results of Banuelos and Burdzy
[BB| and Jerison and Nadirashvili [IN]. We show that for convex domains with just
one axis of symmetry having diameter-to-width ratio larger than 3.06, the second
Neumann eigenspace is 1-dimensional and it is given by an antisymmetric eigen-
function. This shows that our main result in Theorem applies, and therefore
we obtain the proof of the hot spots conjecture for a new class of domains.

The techniques developed in the present paper can be easily modified to give
the proof of the hot spots conjecture for second Neumann eigenfunctions of new
classes of domains. In Section B4 we discuss some developments, showing how the
hypotheses used in this paper (i.e., the symmetry and the convexity of the domain)
can be weakened in order to obtain new results. It can be shown that the hot spots
conjecture holds for second Neumann eigenfunction of smooth convex domains for
which the nodal line is a hyperbolic line (Theorem B.14)), and for certain types
of second Neumann eigenfunctions of some doubly connected domains (Theorem

B.1G).

2. SCALING COUPLING OF REFLECTING BROWNIAN MOTIONS IN C1*® DOMAINS

2.1. Preliminaries. We denote the unit disk in R? by U = {z : |2| < 1}.

A curve I' C R? is said to be of class C1® (0 < a < 1) if it has a parametrization
w(t) that is continuously differentiable, w’ # 0 and w’ is Lipschitz of order «a; that
is, for some M > 0 and for all ¢,¢" we have

|w'(t) —w' ()] < M|t —t'|".

A domain D C R? is said to be a C1'® domain (0 < o < 1) if its boundary is a
Jordan curve I of class O,

It is known ([P], pp. 48-49) that if f : U — D is a conformal map of the unit
disk onto the C1'® domain D (0 < a < 1), then f and f’ have continuous extensions
to U, f is Lipschitz of order o on U, and f’ # 0 on U.

We recall that an analytic function f is called convex in U if it maps U confor-
mally onto a convex domain.
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For a C%* domain D (0 < o < 1) we denote by vp the inward unit normal
vector field on 9D, the boundary of D.

By reflecting Brownian motion in D we mean reflecting Brownian motion with
respect to the normal vector field vp.

Consider an arbitrarily fixed probability space (2, F, P). Whenever a (reflecting)
Brownian motion By on (£, F, P) is considered, we denote by (F7) the filtration
(satisfying the usual conditions) with respect to which B, is adapted.

We define reflecting Brownian motion in D as a solution of the stochastic differ-
ential equation

t

1
(2.1) Xi=Xo+Bi+; /I/D(XS)dLS, t>0.
0

Formally, we have

Definition 2.1. X; is a reflecting Brownian motion in D starting at zo € D if it
satisfies (2:1I)), where:
(a) By is a 2-dimensional Brownian motion started at 0,
(b) Lt is a continuous nondecreasing process which increases only when X; € 9D,
(c) X; is (FP)-adapted, and almost surely Xo =z and X; € D for all t > 0.

Remark 2.2. Bass and Hsu [BaH2| showed that in C*® domains there exists exactly
one solution to (2.0]) for a given Brownian motion B;. Also, by [BaHI]| the process
X corresponds to the Dirichlet form E(f, f) = 3 |5 IVfP.

2.2. Scaling coupling of reflecting Brownian motions in the unit disk. We
will first construct the scaling coupling in the case of the unit disk, and then extend
it to bounded C'® domains by means of conformal maps.

The key to our construction is the following result:

Theorem 2.3. Let Z; be a reflecting Brownian motion in U starting at zo € U—{0}
and let |zo] < a <1 be arbitrarily fived. The process Zy, defined by

1

2.2 Zy=—17Z t>0
( ) t M% Yt Z Y
where
M, = aVsuwpl|Zi,
s<t
t
1
(2.3) C = 2%
0 S
(2.4) v = inf{s>0:Cs>t},

is an (Fi)—adapted reflecting Brownian motion in U starting at Zo = =2.

Proof. We apply Ito’s formula to the semimartingale Z; and the nondecreasing
process M; with f(z,y) = ;- It
t
1
Zt = ZO + Bt + §/VU(ZS)dLS
0
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is the semimartingale representation of Z; given by Definition [Z1], we have
P P t t
1 1
2.5 A —dZs — / —7
@) 3 =t jE
0 0

t t t
Zo 1 1/ 1 1
= — —dB — dLs — — 7. dM.
m+/m T3] L /Wg ’
0 0 0

If 7 = inf{s : |Zs| = 1}, note that L, is constant on [0, 7] and My =1 on [7, 00);
further, when M; is increasing, AZ/I is on OU, and therefore — 1\24 = ( ). The

difference of the last two integrals in the last equality above can thus be written

t tAT
1 1
2 i M2
tAT
t AT
1 ( 1 ,
SN 2
tAT 0
t t
1 +1
) 59
0 0
1 / A
= = °)dLs
2/”“Mﬁ |
0

where Ly = Ly+log M?2 is readily seen to be a nondecreasing process which increases
only if either Ly or My does; this happens only when 5. is on the boundary of U.

Note that since 0 < |z9| < My < 1 for all ¢ > 0, C; defined by ([Z3) is strictly
increasing and C; — oo a.s. It follows that 7; defined by (Z4) is continuous and
increasing, and on substituting in (Z3) we obtain

Vt Yt
. Z Zo 1 1 Zg . .~
Z = i = — —dB a - dL .
! M“/t MO+/MS S+2/VU(MS) °
0 0

Setting B, = f 31 dBs, we obtain

t
~. o~ 1 ~. o~
<BzaBJ>t = /M2d<BIL7BJ>s
0 s
Yt 1
= 5ij/md8
o s
= 5ijc“/t
= 5t

ijls

i,7 € {1,2}, and thus By is a 2-dimensional Brownian motion starting at 0.
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We have thus shown that

Yt

~ ~ 1
Zt = ZO+Bt+§/VD(

Zs

L
a,)

Z~O+§t+

1
2

Z~O+§t+

- ot . . . . ot Z
where L,, = L., is a nondecreasing process which increases only when 7, = T«
Yu M

is at the boundary of U. This proves the theorem. in

Remark 2.4. In R, essentially the same proof shows that if Z; is a 1-dimensional

Brownian motion starting at zg > 0, and M; = a V supZs (a > zp), then Mith is
s<t .

a time change of a reflecting Brownian motion on (—oo, 1], the time change being
given by (Z3)-(24) above.

The above construction also applies to higher dimensions, to give a scaling cou-
pling of reflecting Brownian motions in the unit sphere in R, n > 3. However, since
the conformal images of the unit sphere in R™ (n > 3) are again spheres, we cannot
use the conformal mapping arguments above in order to extend the construction to
more general domains.

Definition 2.5. We call the pair (Z;, Zt) constructed above a scaling coupling of
reflecting Brownian motions in U, starting at zo € U — {0}, respectively at %y =
%ZO eU.

We will need the following proposition, showing that the conformal image of a

reflecting Brownian motion in the unit disk is a time change of a reflecting Brownian
motion in the image domain. More precisely, we have

Proposition 2.6. Let Z; be a reflecting Brownian motion in U starting at zo € U.
If f is a conformal map of U onto the C1* domain D (0 < o < 1), then W; =
f(Za,) is an (FZ)-adapted reflecting Brownian motion in D starting at f(zo),
where:

ap = inf{s: As >t}
and
¢

A= [172 s

0
Proof. Recall that since D is a C1® domain, f € CY(D). If

t

1
Zt = ZO + Bt + §/VU(ZS)dLS
0
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is the semimartingale representation of Z; given by Definition 21l by applying It6’s
formula with f = (u,v) we have

t
1

F(Ze) = £(Zo) +/(Vu,Vv)(ZS)dBS + 5/(Vu-yU,Vv.yU)(ZS)dLS.

0 0

By Lévy’s theorem ([Bal, p. 311), the stochastic integral above is a time change
of a 2-dimensional Brownian motion, the increasing process being given by A; =

t
Ik |/(Z,)|* ds. Replacing t by oy = inf{s : A, > t}, the stochastic integral above
0

becomes an (FZ )-adapted Brownian motion (note that by Definition 2Tl we have
FZ =FP forall t >0).

So it suffices to show that when L, increases, (Vu - vy, Vv - vy)(Zs) has no
tangential component to the boundary of D.

However this follows since, by preliminary remarks, f has a conformal extension
to U; one can use Cauchy-Riemann equations and the geometric interpretation of
the argument of f’ to show that whenever L, increases we have

(vu vy, Vo - VU)(ZS) = |f/(Zs)| VD(f(Zs))v
which concludes the proof. [l

2.3. Scaling coupling of reflecting Brownian motions in C'® domains.
Before carrying out the general construction of scaling coupling, we introduce the
notion of hyperbolic line in C*® domains (0 < a < 1), as follows:

Definition 2.7. i) We define a hyperbolic line in U as being a line segment or an
arc of a circle contained in U which meets the boundary of U orthogonally. We
denote by Hy the family of all hyperbolic lines in U. If 21, z5 are two distinct points
on a hyperbolic line [ € Hy, we define the hyperbolic segment with endpoints z;
and zz (denoted by [z1, 22]) as the part of I between (and including) z; and zs.

ii) For a C1® (0 < a < 1) domain D, we define a hyperbolic line/segment in D
as the conformal image of a hyperbolic line/segment in U. We denote by Hp the
family of all hyperbolic lines in D.

Simple geometric considerations show the following:

Proposition 2.8. Let D be a C1 (0 < a < 1) domain.

i) Given two distinct points in D, there exists a unique hyperbolic line in D
passing through them.

it) For an arbitrarily chosen diameter d of U, we have

Ho ={p(d): ¢ € A},

where A is the family of all automorphisms of U. If f is an arbitrarily chosen
conformal map of U onto D, then

Hp ={feopl(d):pec A}

Remark 2.9. Part i) of the proposition shows that, given any two distinct points
21 and z3 in a C1 domain D (0 < a < 1), the hyperbolic segment [z1, 23] in D
is uniquely determined. Hence the notion of hyperbolic segment is well defined in
the above definition. We will denote by z;z the unique hyperbolic line passing
through z; and zs.
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Now we give the construction of scaling coupling for general C*® domains. Let
D be a C* domain (0 < a < 1) and let wp,wy € D be distinct, not both on
0D, and arbitrarily fixed. By Proposition Z8] there is a unique hyperbolic line
woWp in D, passing through wy and wy. Consider a point wy on wewy — [wo, Wo),
wy ¢ OD. Let f: U — D be the unique conformal map of U onto D (given by the
Riemann mapping theorem) with f(0) = w; and arg f'(0) = 0. Let 29 = f~!(wp)
and Zp = f~(wp). Note that by definition, f~!(wowy) is a hyperbolic line in U,
and since 0 = f~1(w1) € £~ (woty), it follows that f~1(wewp) is in fact a diameter
of U. Note that by the choice of wy, we have 0 ¢ [z0, 20|, and therefore |zo| # |Zo].
Without loss of generality we can assume that |zp| < |Zo].
~_Let Z; bea reflecting Brownian motion in U starting at zg. Define processes W,
Wt by

(26) W, = f(Zat)v t>0,
—~ 1
(2.7) Wy = f(M—ﬁtZﬁt)a t>0,

where M; = ‘;—g

Vsup | Zg|, t > 0, and
s<t

t

(2.8) A, = /|f’(ZS)|2 ds, a; = inf{s: As; > t}, t>0,
0
{ 2
1 |, Zs o
0

Theorem 2.10. W; and W, defined by (Z.8)-(Z3) are (FZ), respectively (fﬁzt)—
adapted reflecting Brownian motions in D, starting at wq, respectively wg.

Proof. That W; is an (FZ )-adapted reflecting Brownian motion in D follows from
Proposition

To prove that ,V[v/t is an (F ,BZt )-adapted reflecting Brownian motion, note that by

Lemma 2.3, ]\Z/[—Z is a time change 7; (given by (2:4)) of a reflecting Brownian motion

in U, starting at 2.
By Proposition 28, f( J\Z/Pt

Yt
in D, starting at f(Zp) = wp, where

) is a time change &; of a reflecting Brownian motion

t

2
(2.10) &y =inf{s: A, >t} and A, = /

Z.
M—v) ds, t>0.

Vs

f(

In order to prove the claim it suffices to show that the combined effect of the
two time changes 7; and &; is the time change 3; given by (Z); that is, va, = 5t
for all t > 0.
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C, given by (Z4) is a bijection on [0,00), with inverse C~! = ~. With the
substitution s = C,, in the definition of A, we obtain

Cy 2

~ 7
A, = [l s
0
[ Z |?dC
_ / _u u
0
t
1], Zu|
= — —)| d
0/ 5 |G|
= Bta
for all t > 0. This shows that flct = By for all t > 0, or equivalently, by taking
inverses, vs, = 0 for all t > 0, as needed. |

Definition 2.11. For a C'® domain D (0 < o < 1) and arbitrarily fixed distinct
points wo, Wy € D (not both on dD), wy € wywy — [wg, Wo] (not on D), the pair
(W, Wt) defined by [2.6)-29) is called a scaling coupling of reflecting Brownian
motions in D starting at wg € D and wg € D, respectively.

Remark 2.12. The above construction of scaling coupling for a C1'* domain with
starting points (wg, Wp) relied on the choice of a conformal map from the unit disk U
onto D. As it is known, the choice is uniquely determined by the values of f(0) and
arg f'(0). However, the choice of just w; = f(0) uniquely determines the conformal
map, up to a rotation of the unit disk. By the angular symmetry of the construction
of scaling coupling in the case of the unit disk, it follows that the construction is
invariant under rotations of the unit disk, and therefore the construction does not
depend of the choice of arg f/(0) (we chose arg f'(0) = 0 for simplicity).

It follows that, given two distinct point in D (not both on the boundary of D),
the scaling coupling with these starting points is uniquely determined once a choice
for f(0) (lying on the hyperbolic line passing through them, and not separating
them) has been made. We will therefore refer to wy = f(0) as the parameter of the
scaling coupling.

In order to derive the main property of the scaling coupling in the case of convex

domains, we need the following characterization of convexity:

Proposition 2.13. Let f : U — D be a conformal map of U onto the simply
connected domain D. The following are equivalent:

(2.11) D is convex;

(2.12) |rf’(7“ew)| is an increasing function of r € [0,1), for all 0 < 0 < 2.
Proof. Since f'(0) # 0, without loss of generality we can assume that f(0) =
f'(0)—1=0.

Note that the domain D is convex iff the function f is convex, which (under the
condition f(0) = f/(0) — 1 = 0) is equivalent (see [D], p. 42) to
f"(2)
f'(z)

Re<1+z >>O, zeU.
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In polar coordinates, z = re’?, we obtain equivalently that

1 ) " i0
Re —+e”’Le.) >0, 0<f<2m, O0<r<l.
r f!(re?)

Note that since

Re <l + eww> ~ LliRe <£ 10gf’(?"6“’)>
r or

f'(ret) r
1 9 ;
— - _ 1 ! 6
r N ar |f (re )‘
0 )
= 3 In|rf'(re)|,
the previous statement is equivalent to (212]), as needed. O

The main feature of the scaling coupling is given by

Proposition 2.14. With the notation of Theorem [2.10, there exist almost surely
finite stopping times 11 and 1o with respect to the filtration (.7-'51 ), respectively (F, ﬁZt ),
such that for all t > 0 we have

Qpypry = ﬂt+7‘2

Moreover, if the domain D is convex, with probability one we have 3y < ay for
all t > 0.

Proof. Set 7 = inf{s : |Zs| = 1}, m = A; and 72 = B,. Obviously 7 is an a.s.
finite stopping time with respect to the filtration (F#), and we have M, = 1 for all
sS>T.

It follows that 7 and 7o are also a.s. finite stopping times with respect to the
filtration (FZ), respectively (fﬁzt ), and that for all ¢ > 7 we have

t
At—Tl =/|fI(ZS)|2dS:Bt—TQ.

Since a; = A;l, By = B;l, this implies the first part of the proposition.
For the second part, note that since D is convex, Proposition 23] shows that

Z 4
Z.f'(Zs)| < |=—=f'(=2)].
2.2 < |75
Hence we obtain
t t ) Pt
At:/|f/(Zs)|2d5§/—2 f/(]ws) ds = By,
s S
0 0
and therefore we have ay > [, for all t > 0. O

Remark 2.15. The pair (W, Wt) in Definition ZT1] is a coupling in the following
extended sense: there exist a.s. finite stopping times 7, and 7o with respect to the
filtration (FZ,), respectively (F7 ), such that:

(2.13) Wisr, = Witry, for all t > 0.

The usual coupling of diffusions can be thought as a particular case of the above,
namely the case when 71 = 73 a.s. (and the two filtrations coincide).
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The scaling coupling is readily seen to satisfy (ZI3) by using

T1

/ (2 ds,
0

1
T
0 S

where 7 = inf{s > 0: |Z,| = 1}.
Moreover, in the particular case of convex domains, we have 71 < 75 a.s., which
shows that for t > 1o, W, “follows” the path of Wiy _-,.

2

Zs
ds,

M;

(57

Remark 2.16. Note that by the equivalence in Proposition 2213, and using the
support theorem for Brownian motion, it follows that the class of C%® domains
(0 < a < 1) for which the inequality 3; < a; holds almost surely for all ¢ > 0 (and
all starting points wy, wo) coincides with the class of convex C1® domains.

3. HOT SPOTS PROBLEM

3.1. Results on eigenvalues and eigenfunctions. We will review first some
basic facts about eigenfunctions and eigenvalues. We make the remark that for the
convenience of arguments involving Brownian motion, we will be using %A instead
of the Laplace operator A. The results hold for the Laplacian A by scaling.

Fix an arbitrarily C1* domain D (0 < o < 1).

We say that A is an eigenfunction for %A in D, if there exists a nontrivial solution
0 € C*(D)NCYD) to

1
(3.1) §A<p+)\<p= 0.

@ is then called an eigenfunction corresponding to the eigenvalue A.

If 8%% =0 on 0D, the we will refer to A and ¢ as being a Neumann eigenvalue
and Neumann eigenfunction, respectively.

If g/—“‘; = 0 only on a nonempty proper open subset of 9D, and ¢ = 0 on the
remaining part of 0D, we refer to A and ¢ as being a mized Dirichlet-Neumann
eigenvalue and eigenfunction, respectively.

It is known (see [C], p. 46) that the set of Neumann/mixed Dirichlet-Neumann
eigenvalues forms an unbounded sequence

0§/\1<)\2<)\3<.../‘OO.

We will refer to A; as the i*" Neumann/mixed Dirichlet-Neumann eigenvalue for
D, and to the eigenfunctions belonging to the eigenspace corresponding to A; as
the ' Neumann/mixed Dirichlet-Neumann eigenfunctions for D.

Recall that the nodal set of an eigenfunction ¢ is the set ¢~1({0}) = {z € D :
¢(z) = 0}, and a nodal domain of ¢ is a component of D — ¢~1({0}).

The Courant nodal domain theorem (|C], p. 19) asserts that for each k£ > 1, the
number of nodal domains of a k** eigenfunction of a simply connected domain is
less than or equal to k.

As an immediate consequence we have that a first eigenfunction has constant
sign, and a second eigenfunction has precisely 2 nodal domains. Moreover, A; is
characterized as being the only eigenvalue with eigenfunction of constant sign ([C],
p. 20).
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It is also known that in the case of a second Neumann eigenfunction the nodal
set is a smooth (C*) curve, called the nodal line, and that there are no closed
nodal lines ([B], p. 128).

The hot spots conjecture (due to Jeffrey Rauch, 1974) is a strong maximum
principle for second Neumann eigenfunctions of a simply connected domain D, and
it can be formulated as follows:

Conjecture 3.1. For every second Neumann eigenfunction ¢o of D, and for all
y € D, we have
(32) nin oa(z) < pa(y) < max ga(z).

By an abuse of language, if (2)) holds for a second Neumann eigenfunction ¢
of D, we say that the hot spots conjecture holds for ¢s.

According to Kawohl [K], Conjecture 3] holds for balls, annuli and rectangles
in R?. Burdzy and Werner constructed a counterexample to Conjecture B.1] in
which the maximum of @9 is attained only in the interior of D and the minimum
at the boundary of D. More recently, Bass and Burdzy constructed a stronger
counterexample, in which both the maximum and the minimum of ¢y are attained
only in the interior of D. In both counterexamples the domain D was not convex.

Recent advances in the hot spots problem identified classes of domains for which
Conjecture 1] holds. It is known that Conjecture Bl holds for bounded convex
domains with two orthogonal axes of symmetry (see [BB], [IN]), or just one axis
of symmetry and additional hypotheses on the domain (see [BB]). The question
whether Conjecture (1] holds for bounded convex domains in R? is still open.

3.2. Main results. The main result in this section is Theorem which shows
that the hot spots conjecture holds for antisymmetric second Neumann eigenfunc-
tions of smooth convex domains having a line of symmetry.

Let D C R? be a convex C1® domain (0 < o < 1) having a line of symmetry.
Without loss of generality we will assume that D is symmetric with respect to the
horizontal axis.

Set DY = DN {(z,y) :y >0}, It =9D*NAID, Ty = DN {(x,y) : y = 0}.
For wg € D+, denote 70 = inf{s : Im W, = 0}, where Wj is a reflecting Brownian
motion in D starting at wy.

Remark 3.2. Let fi be a conformal map of U™ onto DT, such that the parts of the
boundaries of UT and D™ lying on the horizontal axis correspond to each other.
By the symmetry principle, fi extends to a conformal map of U onto D. Since
Ty = f1([~1,1)), it follows that ¢ is a hyperbolic line in D.

The key to Theorem B.4lis the following lemma, showing a monotonicity property
of 7% (as a function of wg) on the family of hyperbolic lines in D intersecting the
horizontal axis:

Lemma 3.3. Given wy € D, wy € DNTy and wo € [wy,Wo], there exist filtrations
(F1), (Fi) and (F,), respectively (F)-adapted reflecting Brownian motions Wy, W,
in D, starting at wg, respectively Wo, such that if 740, 7% are the hitting times to
the horizontal axis of Wy, respectively Wt, then with probability one we have

TWo <L FWo,
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Proof. The proof is trivial if wy = wy or wy = wy, So we can assume that wg, Wy
and wj are (jivs,tinct.

Let (W;, W}) be a scaling coupling of reflecting Brownian motions in D starting
at (wg, Wp), with parameter wy, that is, a scaling coupling obtained as the image
under a conformal map f : U — D with f(0) = w; of the scaling coupling (Z;, Z;) in
U. The filtrations (F;), (j-:t) are the corresponding “time changes” of the filtrations

(FZ), respectively (F7), as indicated in Proposition 26

Remark above shows that Ty is a hyperbolic line in U; hence f~(Ty) is a
hyperbolic line in U. Since 0 = f~1(w;) € f~1(I'y), it follows that f=(Ty) is in
fact a diameter of U. By Remark [Z12] without loss of generality we can assume
that f~1(Iy) = [-1,1].

If s > 0 is such that Im WS = 0, by construction of the coupling we have
Im f(%) = 0. Because under f the parts of the boundaries of UT and D™ lying

on the horizontal axis correspond to each other, Im Zs: — (). Since M 3. is real, it

Mg,

follows that Im Zg_, = 0.

Since D is convex, by Proposition T4 it follows that G5 < «,. Since g is
increasing (and a bijection) on [0, 00), there exists s’ < s such that ay = ;.

It follows that ImZ,, = ImZs, = 0, and hence Wy = f(Z,,,) is on the
horizontal axis. .

We have shown that if Im W = 0, then there exists s’ < s such that Im W, = 0,
which implies that 70 < TWo a.s., as needed. O

We can now prove a first version of our main result:

Theorem 3.4. Let D be a convex C1* domain (0 < o < 1) which is symmetric
with respect to the horizontal azis. If ¢ is a second Neumann eigenfunction for D
which is antisymmetric with respect to the horizontal azis, then ¢ is monotone on
the family of hyperbolic lines in D which intersect the horizontal axis.

In particular, o must attain its mazimum and minimum over D on the boundary
of D.

Proof. By the assumption, ¢ must be identically zero on the horizontal axis, and
therefore the nodal line for ¢ is Ty (the part of the horizontal axis contained in D).
It follows that DT and D~ are the nodal domains of .

Since ¢ has constant sign on each nodal domain, without loss of generality we
will assume that ¢ is positive on D*. Since ¢ is antisymmetric with respect to the
horizontal axis, it suffices to prove the monotonicity of ¢ in D along the indicated
family of curves.

Consider an arbitrarily fixed hyperbolic line in D, which intersects the horizontal
axis, and denote by w; the point of intersection. If wy, Wy € D+ are arbitrarily
chosen points lying on this hyperbolic line, such that wy € [wy, W], we will show
that ¢ (wo) < ().

Since the restriction of a second Neumann eigenfunction for D to one of its nodal
domains has constant sign, by preliminary remarks it follows that it is a first mixed
Dirichlet-Neumann eigenfunction for the corresponding nodal domain. Therefore,
the restriction of ¢ to D7 is a first mixed Dirichlet-Neumann eigenfunction for D+,
with Neumann conditions on I't" and Dirichlet conditions on I'y.
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It can be shown ([Pal, p. 20) that the transition density pp+ (¢, z,y) of reflecting
Brownian motion in DT, killed on hitting the horizontal axis, has an eigenfunc-
tion expansion in terms of the mixed Dirichlet-Neumann eigenfunctions for DT,
with Dirichlet boundary conditions on I'g and Neumann conditions on I't'. More
precisely, it can be shown that

Pp+ (tv z, y) = Z eiuitwi (x)SOZ (y)v
i>1

where 0 < p1 < po < ... are the mixed Dirichlet-Neumann eigenvalues for DT re-
peated according to multiplicity, and {¢;};>1 is an orthonormal sequence of eigen-
functions corresponding to the eigenvalues {j;}i>1. Moreover, the convergence is
uniform and absolute on D+.

Note that since p; is simple, the corresponding eigenspace is 1-dimensional, and
therefore 1 = cyp, for some nonzero constant c. Also note that since pu1 < p,; for
all ¢ > 2, we can write

(3-3) po+(tz,y) = e oi(z)ei(y) + R(t, 2, y)
e o(x)p(y) + R(t,,y),
where tlim e R(t,x,y) = 0, uniformly in z,y € DT.
—00
Consider the function u : (0,00) X D — R given by u(t,z) = E[1;7" > t], where
77 is the lifetime of reflecting Brownian motion in DT starting at z, killed on hitting
Ty. Integrating the eigenfunction expansion (3.3]), we obtain

(3.4) u(t,z) = /mﬁwaw@
D+

= e o) [owiy+ [ Rty
D+ D+

= ae Mlp(x) + Ri(t,x),

where, by assumption, a = ¢ [ ¢(y)dy > 0 and R;(t,z) approaches zero faster
D+
than et as t — 0.
Since u(t,z) = P(r® > t), and using the monotonicity property in Lemma [3.3]

it follows that for any ¢ > 0 we have

u(t,wo) = P(TY° >1)
< P(r% >t)
= u(t,@o

, we therefore obtain

- =

Using the analytic representation (B4) of u(t, -
ap(wo) + e" 'Ry (t,wo) < ap(wy) + e Ry (t, wy)

for all ¢ > 0. Letting ¢t — oo, it follows that ap(wg) < ap(wy), and since a > 0, we
obtain ¢(wg) < (W), as needed. O

The above theorem leaves open the question of whether ¢ can also attain its max-
imum /minimum over D inside the domain. We will show that under the hypotheses
of the previous theorem this cannot happen; more generally, we will show that ¢ is
strictly monotone on the family of hyperbolic lines which intersect nontrivially the
axis of symmetry of D. We have:
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F1GURE 1. Hyperbolic lines in D

Theorem 3.5. Under the hypotheses of the previous theorem, for any a # 0, the
intersection between a level set = *({a}) = {x € D : p(x) = a} of ¢ and a
hyperbolic line of D which intersects the horizontal axis consists of at most one
point.

Proof. Assume there exist distinct points wy, we such that p(wy) = p(ws) # 0 and
the hyperbolic line wyws intersects the horizontal axis, say at wg. Without loss of
generality we can assume @(w;) = p(wz) > 0, and therefore wi,ws € DF. Also,
we may assume that wy € [wo, wg].

Consider points z1, z9 € I'g such that z; < wy < z».

We will show that [wy, z3]N[z2, wa] # @, where z3 is the endpoint of the hyperbolic
line z;w; lying on 8DT — I'y.

Note that by Proposition[2.8, the intersection of any two hyperbolic lines consists
of at most one point.

Since [wy, 23] N wiwy = {ws}, it follows that the hyperbolic segment [wy, z3] is
contained in the right (hyperbolic) half plane determined by the hyperbolic line
wiws (see Figure D). If [wy, z5] N[22, wa] = 0, then [w1, 23] is also contained in the
left (hyperbolic) half plane determined by the hyperbolic line zowso. It follows that
z3 € [w1, 23] must be contained in their intersection; however, since z3 € D+ — Ty,
this is possible only if z3 = wa, contradicting [wy, 23] N[22, we] = 0.

Therefore we must have [w1, z3] N[22, w2] # 0, and we denote by ws the point of
intersection.

By applying the previous theorem to the hyperbolic lines wiws, wiws and re-
spectively wswsa, we obtain

plw) < ¢(2) < p(w2),
p(wr) < @(z') < p(ws),
p(ws) < (") < p(w2),
for all z € [w1, wal, 2’ € [wy,ws)], 2” € [ws,ws]. Since by hypothesis p(w1) = ¢(ws2),

we obtain that ¢(z) = p(w1) = p(w2) = p(ws), for all z €. [wy,ws] U [wy,ws] U
[ws, wa].

Choosing now an arbitrarily fixed z5 € [w1, ws] and applying again the previous
theorem to the hyperbolic line zws (which intersects the horizontal axis between
wo and z2), we obtain

p(wa) = ¢(z) < p(2') < p(w2),
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for all 2’ € [z, ws]. Therefore we have that ¢(z') = p(ws) for all 2’ € [z, wz], where
z € [wy,ws].

It follows that ¢ is constant on the interior of the (hyperbolic) triangle with
vertices wi, we and ws. Since the points wy, we, w3 do not lie on the same hyperbolic
line, the interior of this triangle is not empty.

However, ¢, being a nonconstant real analytic function, cannot be constant
on a nonempty open set. The contradiction shows that ¢ is injective on every
hyperbolic line (of course, except I'g) intersecting the horizontal axis, thus proving
the claim. O

Using the above theorem, we can strengthen the result in Theorem B.4], and we
state:

Theorem 3.6. Let D be a conver CH* domain (0 < o < 1) which is symmetric
with respect to the horizontal axis. If ¢ is a second Neumann eigenfunction for
D which is antisymmetric with respect to the horizontal axis, then ¢ is strictly
monotone on the family of hyperbolic lines in D which nontrivially intersect the
horizontal axis.

In particular, ¢ must attain its mazimum and minimum over D solely at the
boundary of D.

As an immediate consequence, we have:

Corollary 3.7. Let D be a convex CH* domain (0 < a < 1) which is symmetric
with respect to the horizontal axis. If ¢ is a second Neumann eigenfunction for
D which is antisymmetric with respect to the horizontal axis, then the hot spots
conjecture holds for .

As another consequence of Theorem[3.6, we obtain the following properties of the
level sets of antisymmetric second Neumann eigenfunctions of convex C*'® domains
with a line of symmetry:

Corollary 3.8. Let D be a conver CH domain (0 < a < 1) which is symmetric
with respect to the horizontal azis. If ¢ is a second Neumann eigenfunction for D
which is antisymmetric with respect to the horizontal axis, then the level curves of
@ are unions of disjoint simple curves in D (possibly reduced to a single point).
Moreover, no level curve of ¢ can terminate in D.

Proof. Since ¢ is antisymmetric, it suffices to consider the case of the level curves
v *({a}), with a > 0.

Let z;, 0 <t < 1, be a CY* parametrization of the part of the boundary of D
lying in the upper half-plane, and let wy € D be an arbitrarily chosen point on the
horizontal axis.

By Theorem B5] ¢! ({a}) N [wo, 2¢] consists of at most one point, for any ¢ > 0.

Define v(t) = ¢~ *({a}) N [wo, 2¢], for all values of ¢ for which the intersection is
nonempty, and let I be the domain of ~.

Consider ¢ € I such that v(t) € D. By Theorem B.6, we have that ¢(z:) >
©(v(t)) = a. By the continuity of ¢, we have that ¢ > a on a whole neighborhood
of z;, and therefore, for ¢’ sufficiently close ¢, we have ¢(2/) > a. Therefore, for all
t' close to t, we have ¢~ !({a}) N [wo, 2] # 0, showing that ¢’ € I; thus ¢ belongs
to the interior of I. In particular this shows that the level set ¢~!({a}) cannot
terminate in D. Also, by the continuity of ¢ and z;, 7y is continuous at ¢.



SCALING COUPLING OF REFLECTING BROWNIAN MOTIONS 4697

If I; is the largest connected component of I which contains ¢, it follows by the
continuity of ¢ that I, is a closed interval, and therefore v(I;) is a simple curve
terminating at the boundary of D. The fact that «(I;) cannot form a closed loop
follows by Theorem [3.6}

Moreover, y(I;) is a connected component of the level curve p~1({a}), and
conversely, any connected component of ¢ ~1({a}) is of the form ~(I;) for some
te0,1]. O

3.3. Comparisons with known results. The hot spots conjecture is known to
be true for relatively small classes of domains (parallelepipeds, balls and annuli in
R?, obtuse triangles). According to the knowledge of the author, the only papers in
the literature which contain the proof of the hot spots conjecture for general classes
of domains are [BB| and [JN]. We will refer to these papers for a comparison of
our results.

For a bounded planar domain D, we will denote the diameter of D by dp, the
length of the projection of D on the vertical axis by wp, the length of the projection
of D on the horizontal axis by [p, and will call them the diameter, the width and
respectively the length of D.

In [BB], Bafniuelos and Burdzy used probabilistic techniques (based on synchro-
nous and mirror couplings of reflecting Brownian motions in polygonal domains)
to prove the following:

Theorem 3.9. Suppose that a convex polygonal domain D is symmetric with re-
spect to the horizontal axis S and the ratio dp/wp is greater than 1.54. Let x and
y be the intersection points of S with 0D. Make at least one of the following two
assumptions:

a) D has another line of symmetry S1 which is perpendicular to S;

b) For every r > 0, the intersection of the circle 0B(x,r) with D is either empty
or a connected arc, and the same holds for OB(y,r).

Then the hot spots conjecture holds for D.

More recently, Jerison and Nadirashvili used deformation of the domain tech-
niques (see [IN]) in order to refine the above result in the case of domains having
two orthogonal axes of symmetry. They showed the following;:

Theorem 3.10. Let Q) be a bounded convexr domain in the plane that is symmetric
with respect to both coordinate axes. Let u be any Neumann eigenfunction with
lowest monzero eigenvalue. Then, except in the case of a rectangle, u achieves
its mazimum over Q on the boundary at exactly one point, and likewise for its
minimum. Furthermore, if 2° € 0Q and —x° € 00 denote the places where u
achieves its maximum and minimum, then u is monotone along the two arcs of
the boundary from —2° to x°. Let v be any outer normal to 0 at 2°; that is,
v-(x—12% <0 for alz € Q. Then v-Vu(z) >0 for all z € Q.

As indicated in [JNJ|, the uniqueness of the location of the extrema of u may fail
for domains not having two orthogonal axis of symmetry (for example an equilateral
triangle has a second Neumann eigenfunction which attains its maximum at two
of its vertices and the minimum at the third vertex). We make the remark that
in the present paper we are concerned with the hot spots conjecture in the form
presented in Conjecture 31l and we will not attempt to prove that the extrema
are attained at a single point (this may fail for general domains, as shown in the
example above).
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Theorem B9 provides additional hypotheses under which the hot spots conjecture
holds, for the case of convex domains having just one axis of symmetry (additional
hypothesis b)).

We will show that our main result in Theorem B gives the hot spots conjec-
ture for smooth convex domains with two orthogonal axes of symmetry (without
any restriction on their diameter to width ratio), thus obtaining the cited results
(Theorem B9 with the additional hypothesis a) and Theorem [B.10).

Also, we will show that we can apply Theorem [3.6]to the case of domains having
just one axis of symmetry and satisfying an additional restriction on their diameter
to width ratio, obtaining a result similar to Theorem 3.9 (with additional hypothesis
b)), but which is complimentary to it.

We will consider first the case of convex domains having two orthogonal axes of
symmetry. We have:

Theorem 3.11. If D is a convex CH* domain (0 < o < 1), symmetric with respect
to both coordinate axes, then the hot spots conjecture holds for D.

Proof. It is known (see [N]) that the eigenspace corresponding to the second Neu-
mann eigenvalue of a simply connected planar domain is at most 2-dimensional.

We will consider first the case when the eigenspace corresponding to the second
Neumann eigenvalue for D is 1-dimensional. We will show that in this case we can
find a second Neumann eigenfunction @ for D which is antisymmetric with respect
to one of the coordinate axes. From this and Theorem [3.6], the result follows.

Let ¢ be a second Neumann eigenfunction for D. If ¢ is antisymmetric with
respect to one of the coordinate axes, we are done. Otherwise we consider the
functions ¢1(x,y) = (2, ) — p(z, —y) and ga(x,y) = Pz, y) — p(—z,y), and note
that they are antisymmetric with respect to the horizontal, respectively vertical axis
and that both of them are eigenfunctions (possibly identically zero) corresponding
to the second eigenvalue of D.

Note that (1 and 5 cannot both be identically zero. In fact, ¢ would otherwise
be symmetric with respect to both coordinate axes. However, this cannot happen,
since the nodal line of ¢ cannot form a closed loop and since ¢ has exactly two
nodal domains.

It follows that we can always find a (not identically zero) second eigenfunction @
for D which is antisymmetric with respect to one of the coordinate axes. It follows
that Theorem applies to @, and therefore the hot spots conjecture holds for
. Since the eigenspace corresponding to the second Neumann eigenvalue for D
is 1-dimensional, it follows that the hot spots conjecture holds for D, ending the
proof in this case.

We will consider now the case when the eigenspace corresponding to the second
Neumann eigenvalue is 2-dimensional. We will show that we can find two inde-
pendent second Neumann eigenfunctions ¢ and @, which are antisymmetric with
respect to the horizontal, respectively vertical axis.

Consider ¢1 and @2, two linearly independent second Neumann eigenfunctions
for D.

Note that if one of the eigenfunctions is symmetric with respect to one of the
axes, then it has to be antisymmetric with respect to the other axis; conversely, if
one of the eigenfunctions is antisymmetric with respect to one of the axes, then it
has to be symmetric with respect to the other axis. To see this, if for example ¢ is
antisymmetric with respect to the horizontal axis, note that @, (z,y) = @1(x,y) —
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p1(—x,y) is a second Neumann eigenfunction for D, antisymmetric with respect
to both coordinate axes; unless @, is identically zero, ®; would have at least four
nodal domains, which is impossible by the Courant nodal domain theorem. Hence
P, is identically zero, or equivalently 7 is symmetric with respect to the horizontal
axis. Similar reasoning applies to the other cases.

It follows that 1 and @9 cannot be symmetric with respect to the same symmetry
axis, for they are independent. Also, neither (1 nor @9 cannot be symmetric with
respect to both symmetry axes.

Without loss of generality we can thus assume that ¢ is not symmetric with
respect to the horizontal axis, and that 5 is not symmetric with respect to the ver-
tical axis. We can therefore choose @1 (x,y) = p1(z,y) — ¢1(x, —y) and Pa(z,y) =
wa(x,y) — p2(—z,y) and note that they are independent, not identically zero sec-
ond Neumann eigenfunctions for D, antisymmetric with respect to the horizontal,
respectively vertical axis. Moreover, from the previous part of the proof it follows
that @1 is symmetric with respect to the vertical axis, and @2 is symmetric with
respect to the horizontal axis.

It follows that Theorem applies to @1 and @s, and therefore the hot spots
conjecture holds for them. Moreover, @7 is strictly monotone on the family of
hyperbolic lines intersecting the horizontal axis, and @s is strictly monotone on the
family of hyperbolic lines intersecting the vertical axis. In particular, both @; and
@2 are strictly monotone on all hyperbolic lines passing through the origin.

Consider now an arbitrarily chosen second Neumann eigenfunction ¢ for D.
Since @1 and @9 are independent and the eigenspace corresponding to the second
Neumann eigenvalue is 2-dimensional, we can find constants a, b such that ¢ =
ap1 + bps. . .

Consider a point zg = (20, y0) € D where p attains its maximum over D. We will
show that we must have zg € 9D. If api(z9) < 0, since @7 is antisymmetric with
respect to the horizontal axis and @2 is symmetric with respect to the horizontal
axis, we obtain

©(z0) = api(xo,yo) + bP2(xo,y0)
ap1(wo, —yo) + bpa(wo, —yo)
= 90(%07 _yO)v

a contradiction. It follows that we must have a@1(z9) > 0, and similarly bpa(zo) >
0. Since both ¢; and @y are strictly monotone on the hyperbolic line through
0 and zj, it follows that ¢ is strictly increasing on the hyperbolic half line with
the endpoint 0 and passing through zp. Since ¢ attains its maximum at zg, it
follows that zg € dD. Similar reasoning shows that if ¢ attains its minimum at a
point, then the point must belong to the boundary 0D, and therefore the hot spots
conjecture holds for ¢.

Since  was arbitrarily chosen, it follows that the hot spots conjecture holds for
D. O

A

In [BB] it is shown that if D is a convex domain symmetric with respect to
the horizontal axis, and the ratio dp/wp is larger than 1.54, then the eigenspace
corresponding to the second eigenvalue is 1-dimensional, and there is no second
Neumann eigenfunction for D which is antisymmetric with respect to the horizontal
axis, and hence our result in Theorem does not apply. Rephrasing this, we can
say that if a domain D having the horizontal axis as line of symmetry is “long
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enough”, then the second Neumann eigenfunctions for D have to be symmetric
with respect to the horizontal axis. One might expect that if the domain is “wide
enough”, then the second Neumann eigenfunctions have to be antisymmetric with
respect to the horizontal axis. This is true, and we state:

Proposition 3.12. Suppose that D is a conver CY* domain (0 < o < 1) which
is symmetric with respect to the horizontal axis, and the diameter-to-length ratio
dp/lp is larger than % ~ 3.06. Then the etgenspace corresponding to the second
Neumann eigenvalue for D is 1-dimensional, and it is given by a function which is
antisymmetric with respect to the horizontal axis.

Proof. The first part follows from Proposition 2.4i) in [BB]. To prove the second
part of the statement, we will use a modification of an argument found in [BBJ.

Assume there exists a second Neumann eigenfunction ¢ for D which is symmetric
with respect to the horizontal axis. Let D; be one of the nodal domains of ¢, with
the property that the horizontal component of the inner pointing normal at the
common boundary of Dy and D always points in the same direction (i.e. either left
or right). The existence of Dy with the above property follows from the convexity
of the domain and the fact that the nodal domains of ¢ are symmetric with respect
to the horizontal axis.

We will estimate the first mixed Dirichlet-Neumann eigenvalue for Dy (denoted
A1), which is the same as the second eigenvalue for D (denoted ps).

For this, consider a reflecting Brownian motion (X, Y;) in D1, killed upon hit-
ting the nodal line of ¢. Note that the horizontal component X; is a Brownian
motion plus (or minus) a nondecreasing process (we are using here the fact that
the horizontal component of the inner pointing normal to the common boundary
of Dy and D is always pointing in the same direction).

By a comparison argument, it can be shown that the distribution of the lifetime
of X; is majorized by the distribution of the lifetime of a 1-dimensional Brownian
motion on an interval of length [, killed at one end and reflected at the other. This
latter is majorized by ce™**, where ) is the first Dirichlet-Neumann eigenvalue for
the given interval, i.e. A = % (for it is the second Neumann eigenvalue of an

interval of double length, i.e. ﬁ) It follows that we have puo = A > A = 8’;—2,
D

-2
It is also known (see [BBJ]) that for convex domains, we have ug < %; thus we
D
-2 .
must have 5— < 34]21, or equivalently ‘f—g’ < 4370.
D D
It follows that if this inequality doesn’t hold (i.e. for sufficiently “wide” domains,
symmetric with respect to the horizontal axis), there are no second Neumann eigen-
functions for D which are symmetric with respect to the horizontal axis.
To conclude the proof, consider an arbitrarily fixed second Neumann eigenfunc-
tion ¢4 for D, and define ¢(z,y) = v1(x,y) — v1(z, —y). From the previous part of
the proof it follows that ¢ is not identically zero, and hence it is a second Neumann

eigenfunction for D, antisymmetric with respect to the horizontal axis. O

Using the above proposition and Corollary B7] we obtain the proof of the hot
spots conjecture for a new class of domains, as follows:

Corollary 3.13. Suppose that D is a CY% convex domain (0 < o < 1), symmetric
with respect to the horizontal azxis and with diameter-to-width ratio dp/lp larger
than 4370 ~ 3.06. Then the hot spots conjecture holds for D.
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3.4. Further developments. We conclude with three remarks.

First, note that because of the diameter-to-width ratio restriction in Theorem
B9, essentially the results of Burdzy and Banuelos apply to convex domains with
one axis of symmetry, for which the eigenspace corresponding to the second Neu-
mann eigenvalue is 1-dimensional, being given by an eigenfunction which is sym-
metric with respect to the axis of symmetry. Our result in Corollary B:13 is com-
plementary to this, giving the proof of the hot spots conjecture for (smooth) convex
domains with one axis of symmetry, for which the eigenspace corresponding to the
second Neumann eigenvalue is 1-dimensional, being given by an eigenfunction which
is antisymmetric with respect to the axis of symmetry.

In our view, these two results together should give a resolution to the hot spots
conjecture in the case of convex domains with a line of symmetry (and no restric-
tions on their diameter-to-width ratio), but we were not able to implement it.

Second, we will discuss how the hypotheses of our main result in Theorem B.fl
can be weakened. There are two main ingredients in the proof: the symmetry and
the convexity.

Even though the symmetry of the domain and the antisymmetry of the Neumann
eigenfunction hypotheses are needed in the proof, we can carry out the proof with
weaker assumptions. A careful examination of the proof shows that we can replace
these hypotheses as follows:

Theorem 3.14. Let D be a conver C1® (0 < a < 1) domain and let ¢ be a second
Neumann eigenfunction for D. If the nodal line of ¢ is a hyperbolic line in D, then
@ is strictly monotone on the family of hyperbolic lines in D which intersect the
nodal line of @ nontrivially.

In particular, the hot spots conjecture holds for .

The hypothesis on the nodal line ¢ in the above theorem can still be weakened,
by requiring instead that the nodal domains of ¢ are hyperbolically starlike in D
(i.e. starlike with respect to the hyperbolic lines in D). Geometrically this means
that the nodal line of ¢ is “completely visible” from w along the hyperbolic lines
in D. We state:

Theorem 3.15. Let D be a conver C1® (0 < a < 1) domain and let ¢ be a second
Neumann eigenfunction for D, with nodal domains D = {x € D : o(z) > 0} and
D~ ={z € D: ¢(x) < 0}. Assume there exists a point w € D~ such that D~
is hyperbolically starlike with respect to w. Then @ is monotone in DV along the
family of hyperbolic lines in D which pass through w. In particular, @ must attain
its mazimum over D at the boundary of D. A similar statement holds for D~ .

The convexity of the domain is a key element in our construction of scaling
coupling of reflecting Brownian motions (see Proposition 2-I4)), needed in order to
prove the hot spots conjecture, and therefore we cannot dispense with it. However,
the scaling coupling can be defined in certain annuli-like domains, and it has the
same properties outlined in our construction for convex C*® domains (0 < a < 1).
This in turn leads to a proof of the hot spots conjecture for certain types of second
Neumann eigenfunctions of doubly connected domains, where almost nothing is
known in the literature. We have:

Theorem 3.16. Let D = {f(z) : a < |z| < 1}, where f : U — C is a conformal
map of U onto a convex C* domain (0 < a < 1) and a € (0,1) is arbitrarily
fized. If ¢ is a second Neumann eigenfunction for D, for which the nodal line is
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a part of a hyperbolic line | in f(U), then ¢ is monotone in D on the family of
hyperbolic lines in f(U) passing through f(0). In particular, ¢ attains its mazimum

and minimum over D at the boundary of D.

(B]

[Ba]
[BaB]

[BaH1]
[BaH?2]
(BB]
[BK]
[(BW]
[C]

(D]
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